Abstract. Recently, A. W. Goodman introduced the class UCV of normalized uniformly convex functions. We present some sharp coefficient bounds for functions f (z) = z + a 2 z 2 + a 3 z 3 + . . . ∈ UCV and their inverses f −1 (w) = w + d 2 w 2 + d 3 w 3 + . . . . The series expansion for f −1 (w) converges when |w| < f , where 0 < f depends on f . The sharp bounds on |an| and all extremal functions were known for n = 2 and 3; the extremal functions consist of a certain function k ∈ UCV and its rotations. We obtain the sharp bounds on |an| and all extremal functions for n = 4, 5, and 6. The same function k and its rotations remain the only extremals. It is known that k and its rotations cannot provide the sharp bound on |an| for n sufficiently large. We also find the sharp estimate on the functional |µa 2 2 − a 3 | for −∞ < µ < ∞. We give sharp bounds on |dn| for n = 2, 3 and 4. For n = 2, k −1 and its rotations are the only extremals. There are different extremal functions for both n = 3 and n = 4. Finally, we show that k and its rotations provide the sharp upper bound on |f (z)| over the class UCV.
1. Introduction. This is a continuation of our investigation of uniformly convex functions [MM] . Goodman [G] introduced the geometrically defined class UCV of uniformly convex functions in the unit disk D = {z : |z| < 1}. A function f is said to be uniformly convex in D if f is a normalized (f (0) = f (0)−1 = 0) convex function and has the additional property that for every circular arc γ contained in D, with center also in D, the image arc f (γ) is convex.
The class CV of normalized (f (0) = f (0)−1 = 0) convex univalent functions f is closely related to the class P of normalized holomorphic functions with positive real part. Recall that a holomorphic function p defined on D belongs to P provided that p(0) = 1 and Re{p(z)} > 0, z ∈ D. Precisely, f ∈ CV if and only if p(z) = 1 + zf (z)/f (z) ∈ P.
In the earlier paper [MM] , we introduced a subfamily PAR of P that plays an analogous role for the class UCV. Let PAR = {p(z) ∈ P : p(D) ⊆ Ω},
where Ω = {w = u + iv : v 2 < 2u − 1} = {w : Re w > |w − 1|} .
The characterization that f ∈ UCV if and only if p(z) = 1 + zf (z)/f (z) ∈ PAR was proved independently by Ma and Minda [MM] , and Rønning [Rø 1 ]. This characterization enabled us to derive some subordination results for the class UCV, from which we derived sharp distortion, growth, rotation and covering theorems, and sharp bounds on the second and third coefficients as well as the sharp order of growth for the coefficients [MM] . In all of these cases, the function k given below is the sole extremal function up to rotations. The sharp bound on the second coefficient and an estimate for all coefficients were also discovered by Rønning [Rø 1 ]. In [Rø 2 ], Rønning presented a convolution theorem related to UCV.
In [MM] , we also defined holomorphic functions
where q(z) is a normalized Riemann mapping function from D to Ω. Explicitly,
Clearly k n (z) ∈ UCV. We write k 2 (z) as k(z) and set k(z) = z + A 2 z 2 + A 3 z 3 +. . . . The function k cannot be extremal for the problem of maximizing the modulus of the nth coefficient of functions in UCV for n sufficiently large [MM] .
In this paper, we first prove that k and its rotations are still extremal for the problem of maximizing the modulus of the nth coefficient of functions in UCV when n = 4, 5 and 6. For the inverse function f −1 (w) = w + d 2 w 2 + d 3 w 3 + . . . , it is interesting to observe that extremal functions of |d n | are k n and its rotations when n = 2, 3 and 4. Then we find the sharp estimate of the coefficient functional |µa 2 2 − a 3 |, −∞ < µ < ∞. Finally, in Section 4, we obtain the sharp upper bound on |f (z)|.
Preliminaries
Although the bounds |b n | ≤ B 1 = 8/π 2 (n = 1, 2, . . .) [MM] are sharp for p(z) ∈ PAR, they do not yield sharp bounds for |a n | when n ≥ 3.
Here our idea is to obtain bounds on |a n | by first expressing a n in terms of coefficients of a function in the class P and then using coefficient bounds for functions in P. In this section, we derive the expressions needed and prove some coefficient inequalities for functions in P.
The relationship between f (z) ∈ UCV and p(z) ∈ PAR implies that
Furthermore, we have
is holomorphic and has positive real part in D, that is, p 1 ∈ P. Equivalently,
From the power series expansion of q,
we can express b n in terms of c n by direct calculation. Precisely, The equalities in (2) and (3) 
Hence coefficient estimates for the class UCV become non-linear coefficient problems for the class P. Note that if p 1 (z) = (1 + z)/(1 − z), then p = q and f = k. Hence, if c n = 2 for all n, then b n = B n and a n = A n . We list the explicit expressions for A n when n = 2, 3, 4, 5 and 6: Now we recall some coefficient bounds for p 1 (z) = 1 + c 1 z + c 2 z 2 + c 3 z 3 + . . . ∈ P. It is well known that |c n | ≤ 2 (n = 1, 2, . . .). Livingston [L] proved that |c n c m −c n+m | ≤ 2 for n, m = 1, 2, . . . . We can also obtain the following lemma.
and (7) |µc n c 2n − c P r o o f. For p 1 (z) = 1 + c 1 z + c 2 z 2 + c 3 z 3 + . . . ∈ P , we define
Then h(z) = 1 + c n z n + c 2n z 2n + c 3n z 3n + . . . ∈ P , so that the function h 1 (z) = 1 + c n z + c 2n z 2 + c 3n z 3 + . . . ∈ P . Hence it is enough to show the desired inequalities for n = 1. Consider
which is holomorphic in D with w(0) = 0 and |w(z)| < 1. As
As 0 ≤ |c 1 | ≤ 2 and the right-hand side of the above inequality is an increasing function of |c 1 | for µ ≥ 4, we have inequality (6) when n = 1. If µ ≥ 2, then
Again the right-hand side of this inequality is an increasing function of |c 1 | for 0 ≤ |c 1 | ≤ 2 and µ ≥ 6. This completes the proof of Lemma 1.
3. Coefficient bounds. Now we are ready to prove coefficient bounds for functions in UCV. In this expression, all coefficients are positive. By using (6) of Lemma 1 for n = 1, µ = 4 and |c k | ≤ 2 (k = 1, 2, 3, 4), we see that the upper bound of |a 5 | is given if we replace all c k by 2. That is, we have |a 5 | ≤ A 5 .
When n = 6, we rearrange the expression for a 6 given in (4.5) as follows: Now, all coefficients in this expression are positive. This time we use (7) of Lemma 1 for n = 1 and µ = 6, |c 3 − 2c 2 c 1 + c 3 1 | ≤ 2 [LZ] and |c k | ≤ 2 (k = 1, . . . , 5) to derive that the upper bound of 30|a 6 | is achieved when we replace all c k by 2. Thus we have |a 6 | ≤ A 6 .
In each case, we have used the inequality |c 1 | ≤ 2 in our proof. Hence equality holds only if p 1 (z) = (1 + z)/(1 − z) or one of its rotations, which implies that f = k or one of its rotations. On the other hand, it is clear that inequalities become equalities for k and its rotations. This completes the proof of Theorem 1.
Next we discuss the coefficient functional |µa 2 2 − a 3 |. But first, we introduce the following functions in UCV. For 0 ≤ λ ≤ 1, define h λ and g λ by
Then it is clear that both h λ and g λ belong to UCV. Also notice that
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Equality holds if and only if f is k or one of its rotations when µ < 2/3 − π 2 /36 or 2/3 + 5π 2 /36 < µ. For 2/3 − π 2 /36 < µ < 2/3 + 5π 2 /36, equality holds if and only if f is equal to k 3 or one of its rotations. If µ = 2/3 − π 2 /36, then equality holds if and only if f is h λ or one of its rotations. Finally, equality holds if and only if f is g λ or one of its rotations when µ = 2/3 + 5π 2 /36.
R e m a r k. When 2/3 − π 2 /36 < µ < 2/3 + 5π 2 /36, the above inequality can be improved as follows: , which was established for normalized convex functions (see [T] ). 
